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ABSTRACT
The general theory of N = 1 supergravity with supermatter is studied using a canonical approach. The
supersymmetry and gauge constraint generators are found. The framework is applied to the study of a Friedmann
minisuperspace model. We consider a Friedmann k = + 1 geometry and a family of spin-0 as well as spin-1 gauge
fields together with their odd (anti-commuting) spin-1/2 partners. The quantum supersymmetry constraints give
rise to a set of first-order coupled partial differential equations for the components of the wave function. As
an intermediate stage in this project, we put both the spin-1 field and its fermionic partner equal to zero. The
physical states of our simplified model correspond effectively to those of a mini-superspace quantum cosmological
model possessing N=4 local supersymmetry coupled to complex scalars with spin-1/2 partners. The different
supermatter models are given by specifying a Ka¨hler metric for the scalars; the allowed quantum states then
depend on the Ka¨hler geometries. For the cases of spherically symmetric and flat Ka¨hler geometries we find the
general solution for the quantum state with a very simple form. However, although they allow a Hartle-Hawking
state, they do not allow a wormhole state.
PACS numbers: 04.60.+ n, 04.65.+ e, 98.80. Hw
I. Introduction
In the last ten years or so, the subjects of supersymmetric quantum gravity and cos-
mology have achieved a considerable number of very interesting results and conclusions.
Several approaches may be found in the literature, namely the triad ADM canonical formu-
lation [1–13], the σ−model supersymmetric extension in quantum cosmology [14–16] and
another approach based on Ashtekar variables [17–20]. A detailed review on this subject
is currently in preparation [21].
The complete canonical quantization framework of N=1 (pure) supergravity was pre-
sented in ref. [1]. It can be shown that it is sufficient, in finding a physical state, to
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solve the Lorentz and supersymmetry constraints of the theory because the algebra of con-
straints of the theory leads to anti-commutation relations implying that a physical wave
functional Ψ will also obey the Hamiltonian constraints [1,22].
Using the triad ADM canonical formulation, the Bianchi-I model in N = 1 super-
gravity with no cosmological constant (Λ = 0) was considered in ref. [2] and the quantum
states are in the bosonic and filled fermionic sectors and are of the form exp(−12h−
1
2 ),
where h = det hij is the determinant of the three-metric. In the case of Bianchi IX with
Λ = 0, there are two states, of the form exp(±I/h¯) where I is a certain Euclidean action,
one in the empty and one in the filled fermionic sector [3,15]. When the usual choice of
spinors constant in the standard basis is made for the gravitino field, the bosonic state
exp(−I/h¯) is the wormhole state [3,24]. With a different choice, one obtains the Hartle–
Hawking state [23,25]. Similar states were found for N = 1 supergravity in the more
general Bianchi models of class A [26]. [Supersymmetry (as well as other considerations)
forbids mini-superspace models of class B.] The extension of this analysis to the simple
case where a cosmological constant is present in N = 1 supergravity is described in ref.[8–
10]. It was found by imposing the supersymmetry and Lorentz constraints that there are
then no physical states in the models we have considered. Regarding the k=1 Friedmann-
Robertson-Walker model, where the fermionic degrees of freedom of the gravitino field
are very restricted, we have found a bosonic quantum physical state, namely the Hartle-
Hawking state for a De Sitter solution. If one studies generic cosmological models using
perturbation theory about the k=+1 Friedmann model, it seems that the gravitational
and gravitino modes that are allowed to be excited in a supersymmetric Bianchi-IX model
contribute in such a way to forbid any physical solutions of the quantum constraints. This
suggests that in a complete perturbation expansion we would have to conclude that the full
theory of N=1 supergravity with a non-zero cosmological constant should have no physical
states.
One would like to extend this understanding to more general supergravity models
involving lower-spin fields. One possibility is to consider higher-N gauged supergravity
models [34], but these are technically difficult in the approach used in [11] because they
contain a Λ-term which breaks chirality. Instead, we study here the model of N = 1
supergravity coupled to supermatter [27], and in particular its supersymmetry constraints,
especially in the case with zero analytic potential P
(
ΦI
)
. Such a study was performed in
ref.[13] for the case of N = 1 supergravity coupled to supermatter [27].
The study of 1-dimensional mini-superspace models with local supersymmetry, based
on this, leads to further understanding of quantum cosmology and gravity. Clearly, a richer
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and more interesting class of minisuperspace models is given by coupling supermatter to
N = 1 supergravity in 4 dimensions, and then reducing the model to 1 dimension by
making a suitable homogeneous Ansatz [4–7]. In particular, from (1+3) dimensional N=1
supergravity a dimensional reduction allows one to obtain a (1+0)-dimensional theory with
N=4 supersymmetry.
In ref.[4–7] an Ansatz for the gravitational and spin-3/2 fields was introduced in
order to reduce pure N = 1 supergravity in 4 dimensions to a locally supersymmetric
quantum cosmological model in 1 dimension, assuming a Friedmann k = +1 geometry and
homogeneity of the spin-3/2 field on the S3 spatial sections. The Hamiltonian structure of
the resulting theory was found, leading to the quantum constraint equations. The general
solution to the quantum constraints is very simple in this case, and the Hartle–Hawking
wave-function can be found. A more general model was also studied, in which N = 1
supergravity is coupled to locally supersymmetric matter, there taken to be a massive
complex scalar with spin-1/2 partner. In the massless case, the general solution of the
quantum constraints can be found as an integral expression. Supergravity coupled to a
massless complex scalar and its spin-1
2
partner also admits a ground quantum wormhole
state [6] decribed by an integral expression. Other quantum wormhole states can be found
from it by simple differential operations.
Here we expand the study of mini-superspace quantum cosmological models when N =
1 supergravity is coupled to locally supersymmetric matter. We consider the more general
supergravity theory with a Friedmann k = +1 geometry and a family of spin-0 as well as
spin-1 gauge fields together with their odd (anti-commuting) spin-12 partners. The general
such theory is described in detail in ref. [27] (the minisuperspace models with supermatter
described in ref. [4–7] followed a four-dimensional model of Das et al [28]). Our Ansa¨tze for
the fields are such as to reduce the N = 1 supergravity plus supermatter in 4 dimensions
[13,27] to a locally supersymmetric N=4 FRW quantum cosmological model in 1 dimension.
Hence, we assume a Friedmann k = +1 geometry, and the other fields are chosen as to
respect the homogeneity and isotropy of the S3 spatial sections. The choice made for the
spin-1 field is described in ref. [29–31] and for the other fields the details are given in ref.
[4,5,7]. The quantum supersymmetry constraints give rise to a set of first-order coupled
partial differential equations for the components of the wave function. As an intermediate
stage in our research project, we put both the spin-1 field and its fermionic partner equal to
zero. The physical states of our simplified model correspond effectively to those of a mini-
superspace quantum cosmological model possessing N=4 local supersymmetry coupled to
complex scalars with spin-1/2 partners. The different supermatter models are given by
specifying a Ka¨hler metric for the scalars; the allowed quantum states then depend on the
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Ka¨hler geometries. For the cases of spherically symmetric and flat Ka¨hler geometries we
have found the general solution for the quantum state with a very simple form. However,
these states are somewhat different from the ones presented in ref. [4–7]; although they
allow a Hartle-Hawking state, we cannot find a wormhole state.
This paper is organized as follows. In section II the more general theory of N = 1
supergravity with supermatter is studied using a canonical approach. The supersymmetry
and gauge constraint generators are also found. In section III we specify our Ansa¨tze
for the the gravitational and spin-3/2 fields as well as for the supermatter fields and their
fermionic partners. The supersymmetry constraints are derived from the reduced action in
section IV. In section V we solve the quantum constraints and find a general solution for the
quantum state of the universe. We also make some comments on the issue of determining
the operator ordering in the constraints. A discussion and interpretation of our results is
presented in section VI, together with a summary of our research and indications of further
possibilities.
II. Canonical Formulation of N = 1 Supergravity with Supermatter
The Lagrangian of the more general gauged supergravity theory coupled to a family
of spin-0 as well as spin-1 fields together with their odd (anti-commuting) spin-1
2
partners
is given in Eq. (25.12) of ref. [27]; it is too long to write out here. It depends on the tetrad
eAA
′
µ, where A,A
′ are two-component spinor indices using the conventions of [1] and µ is a
space-time index, the odd (anti-commuting) gravitino field
(
ψAµ, ψ˜
A′
µ
)
, a vector field A
(a)
µ
labelled by an index (a), its odd spin-12 partners
(
λ
(a)
A , λ˜
(a)
A′
)
, a family of scalars
(
ΦI ,ΦJ
∗
)
and their odd spin-12 partners
(
χI
A, χ˜
J∗
A′
)
. The indices I, . . . , J∗, . . . are Ka¨hler indices, and
there is a Ka¨hler metric
g
IJ∗ = KIJ∗ (2.1)
on the space of
(
ΦI ,ΦJ
∗
)
, where KIJ∗ is a shorthand for ∂
2K/∂ΦI∂ΦJ
∗
withK the Ka¨hler
potential. Each index (a) corresponds to an independent Killing vector field of the Ka¨hler
geometry. Such Killing vectors are holomorphic vector fields:
X(b) = XI(b)
(
ΦJ
) ∂
∂ΦI
,
X
∗(b) = XI
∗(b)
(
ΦJ
∗
) ∂
∂ΦI∗
. (2.2)
Killing’s equation implies that there exist real scalar functions D(a)
(
ΦI ,ΦI
∗
)
known as
4
Killing potentials, such that
g
IJ∗X
J∗(a) = i
∂
∂φI
D(a) ,
g
IJ∗X
I(a) = −i ∂
∂ΦJ∗
D(a) . (2.3)
We shall consider instead the Hamiltonian formulation of the theory [13]. The Hamil-
tonian has the form
H = NH⊥ +N iHi + ψA0SA + S˜A′ ψ˜A
′
0
+A
(a)
0 Q(a) +MABJ
AB + M˜A′B′ J˜
A′B′ , (2.4)
expected for a theory with the corresponding gauge invariances. Here N and N i are the
lapse function and shift vector [1], while H⊥ and Hi are the (modified) generators of defor-
mations in the normal and tangential directions. SA and S˜A′ are the local supersymmetry
generators, Q(a) is the generator of gauge invariance, and J
AB and J˜A
′B′ are the gener-
ators of local Lorentz rotations, while MAB and M˜A′B′ are Lagrange multipliers giving
the amount of Lorentz rotation applied per unit time. Classically, the constraints H⊥,Hi,
etc. vanish, and the set of (first-class) constraints forms an algebra.
Quantum-mechanically, the constraints become operators which annihilate physical
states Ψ:
H⊥Ψ = 0 , HiΨ = 0 , SAΨ = 0 , SA′Ψ = 0 ,
Q(a)Ψ = 0 , J
ABΨ = 0 , J
A′B′
Ψ = 0 . (2.5)
Starting with the simplest of these, the JAB and J
A′B′
quantum constraints imply that Ψ
is constructed from Lorentz invariants. The Q(a) constraint, derived below, is of first order
in functional derivatives, and implies that the wave function Ψ is gauge invariant. The SA
and SA′ constraints will be derived and discussed below. TheH⊥ andHi constraints can be
defined through the anti-commutator of SA and SA′ , as in the case of N = 1 supergravity
without matter fields [11]. Thus the remaining constraints imply H⊥Ψ = 0, HiΨ = 0; if
one could find a solution of the remaining quantum constraints, the H⊥ and Hi constraints
would follow (with a certain choice of factor-ordering).
In the Hamiltonian decomposition, the variables are split into the spatial compo-
nents eAA
′
i, ψ
A
i, ψ˜
A′
i, A
(a)
i , λ
(a)
A , λ˜
(a)
A′ , Φ
I , ΦJ
∗
, χIA, χ˜
J∗
A′ , which together with the bosonic
momenta are the basic dynamical variables of the theory, and the Lagrange multipliers
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N, N i, ψA0, ψ˜
A′
0, v
(a)
0 , MAB , M˜A′B′ of Eq. (4), where N,N
i are formed from the eAA
′
0
and the eAA
′
i [6], and MAB, M˜A′B′ involve the zero components ωAB0, ω˜A′B′0 of the con-
nection. One computes the canonical momenta conjugate to the dynamical variables listed
above in the usual way. The constraint generators H⊥,Hi, etc. are functions of the ba-
sic dynamical variables. For the gravitino and spin-12 fields, the canonical momenta give
second-class constraints of the types described in [1,32,33]. These are eliminated when
Dirac brackets are introduced [1,32,33] instead of the original Poisson brackets. In partic-
ular, one obtains nontrivial Dirac brackets for p iAA′ , the momentum conjugate to e
AA′
i, for
ψAi and ψ˜
A′
i, for λ
(a)
A and λ˜
(a)
A′ , for χ
I
A and χ˜
J∗
A′ , and for πL, πL∗ , the momenta conjugate
to ΦL, ΦL
∗
. These can be made into simple brackets by three steps.
First, the brackets involving p iAA′ , ψ
A
i and ψ˜
A′
i can be simplified as in the case of
pure N = 1 supergravity [1]. One redefines
p iAA′ → pˆ iAA′ = p iAA′ −
1√
2
ǫijkψAjψ˜A′k . (2.6)
This gives the Dirac brackets
[
pˆ iAA′ , ψ
B
j
]∗
= 0 ,
[
pˆ iAA′ , ψ˜
B′
j
]∗
= 0 ,
[
pˆ iAA′ , pˆ
j
BB
]∗
= independent of ψAi and ψ˜
A′
i ,
(2.7)
Next, one must deal with a complication caused by the dependence on the scalars
ΦI , ΦJ
∗
of the Ka¨hler metric KIJ∗ in the second-class constraints. Defining πIA to be the
momentum conjugate to χIA, and π˜I∗A′ to be the momentum conjugate to χ˜
I∗A′
, one has
πIA +
ie√
2
KIJ∗nAA′χ˜
J∗A′
= 0 , π˜J∗A′ +
ie√
2
KIJ∗nAA′χ
IA = 0 , (2.8)
where e = h
1
2 , with h the determinant of the spatial metric hij . Here n
AA′ is the spinor
version of the unit future-directed normal vector nµ, obeying
nAA′n
AA′ = 1 , nAA′e
AA′
i = 0 . (2.9)
The ΦK and ΦK
∗
dependence of KIJ∗ is responsible for the unwanted Dirac brackets
among χIA, χ˜
J∗
A , πL and πL∗ . One cures this by using the square root of the Ka¨hler
metric, K
1
2
IJ∗ , obeying
K
1
2
IJ∗δ
KJ∗K
1
2
KL∗ = KIL∗ . (2.10)
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This may be found by diagonalizing KIJ∗ via a unitary transformation, assuming that the
eigenvalues are all positive. One needs to assume that there is an “identity metric” δKJ
∗
defined over the Ka¨hler manifold; this will be true if a positive-definite vielbein field can
be introduced. One then introduces the modified variables
χˆ
IA = e
1
2K
1
2
IJ∗δ
KJ∗χ
KA ,
ˆ˜χ
I∗A′ = e
1
2K
1
2
JI∗δ
JK∗χ˜
K∗A′ , (2.11)
where the factor of e1/2 has been introduced for later use (in the time gauge). Then the
second-class constraints of Eq.(2.8) read
πˆIA +
i√
2
δIJ∗ nAA′
ˆ˜χ
J∗A′
= 0 , ˆ˜πI∗A′ +
i√
2
δIJ∗ nAA′ χˆ
JA
= 0 . (2.12)
The resulting Dirac brackets now give
[πL, πM ]
∗
= 0 ,
[
πL, χˆ
A
I
]∗
= 0 , etc. (2.13)
Finally, there are the brackets among pˆ iAA′ , λ
(a)
A , λ˜
(a)
A′ , χˆ
I
A and
ˆ˜χ
J∗
A′ , which are just as
in the case studied by Nelson and Teitelboim [32]. These are dealt with by first defining
λˆ
(a)
A = e
1
2λ
(a)
A ,
ˆ˜
λ
(a)
A′ = e
1
2 λ˜
(a)
A′ . (2.14)
Then one goes to the time gauge, in which the tetrad component na of the normal vector
nµ is henceforward restricted by
na = δa0 , (2.15)
or equivalently
e0 i = 0 . (2.16)
Thus the original Lorentz rotation freedom becomes replaced by that of spatial rotations.
In the time gauge, the geometry is described by the triad eα i(α = 1, 2, 3), and the conjugate
momentum is pˆ iα . One has [33][
pˆ iα , pˆ
j
β
]∗∗
= 0 ,
[
pˆ iα , λˆ
(a)
A
]∗∗
= 0 ,
[
pˆ iα , χˆ
I
A
]∗∗
= 0 , etc. (2.17)
The remaining brackets are standard; the nonzero fermionic brackets are[
λˆ(a) A(x),
ˆ˜
λ
(b)
A′(x)
]∗∗
=
√
2inAA′δ
(a)(b)δ (x, x′) , (2.18)[
χˆI
A(x),
ˆ˜χ
J∗
A′ (x
′)
]∗∗
=
√
2inAA′δ
IJ∗δ (x, x′) , (2.19)
[
ψAi(x), ψ˜
A′
j (x
′)
]∗∗
=
1√
2
DAA
′
ijδ (x, x
′) , (2.20)
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where
DAA
′
ij = −2ie−1eAB
′
jeBB′in
BA′ . (2.21)
The supersymmetry constraint S˜A′ is then found to be
S˜A′ =−
√
2iπˆijeAA′iψ
A
j +
√
2ǫijkeAA′i
3sD˜jψ
A
k
+
(
2
√
2
)−1
eψ˜
[j
B′ ψ
i]
B n
BB′ψAjeAA′i −
(√
2
)−1
eψ˜
[i
B′ ψ
j]
B e
BB′
jψ
A
inAA′
− i√
2
πn(a)eBA′nλ
(a)B +
1
2
√
2
ǫijkeBA′kλ
(a)BF
(a)
ij +
1√
2
egD(a)nAA′λ
(a)
A
+
1√
2

πJ∗ − ie
2
√
2
nBB
′
λ
(a)
B λ˜
(a)
B′KJ∗ +
i√
2
egLM∗Γ
M∗
J∗N∗n
BB′ χ˜N
∗
B′
χL
B
− ie
2
√
2
KJ∗gMM∗n
BB′ χ˜M
∗
B′
χM
B −
1
2
√
2
ǫijkKJ∗e
BB′
jψkBψ˜iB′
−
√
2egIJ∗χ
IBe mBB′ n
CB′ψmC
 χ˜
J∗
A′
−
√
2egIJ∗
(
D˜iΦI
)
χ˜J
∗
B′n
BB′e iBA′ +
i
2
gIJ∗ǫ
ijkeAA′jψ
A
i
χ˜J
∗B′
eBB′kχ
IB
+
1
4
eψAi
(
e iBA′ n
AC′ − eAC′inBA′
)
gIJ∗ χ˜
J∗
C′
χIB
+
1
4
eψAi
(
e iBA′ n
AC′ − eAC′inBA′
)
χ˜(a)
C′ λ
(a)B
−e exp(K/2)
[
2PnAA′e
i
AB′ ψ˜
B′
i + i (DIP )nAA′χ
IA
]
, (2.22)
where λ
(a)
A , λ˜
(a)
A′ and χIA, χ˜I∗A′ should be redefined as in Eqs. (2.11),(2.14).
Here eAA′i = σ
α
AA′eαi, where σ
α
AA′(α = 1, 2, 3) are Infeld-van der Waerden symbols
[1], and πˆij = −1
2
eα(ipˆ
j)
α . Also [27]
3sD˜jψAk =∂jψAk + 3sωABjψBk
+
1
4
(
KKD˜jΦK −KK∗D˜jΦK
∗
)
ψAk
+
1
2
gA
(a)
j
(
ImF (a)
)
ψAk , (2.23)
where 3sωABj ,
3sω˜A′B′j give the torsion-free three-dimensional connection, and
D˜iAK = ∂iAK − gv(a)i XK(a) , (2.24)
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with g the gauge coupling constant and XK(a) the ath Killing vector field, as in Eq.(2.2).
Further, the analytic functions F (a)
(
ΦJ
)
and F
∗(a)
(
ΦI
∗
)
arise [27] from the transforma-
tion of the Ka¨hler potential K under an isometry generated by the Killing vectors X(a)
and X
∗(a):
δK =
(
ǫ(a)X(a) + ǫ
∗(a)X
∗(a)
)
K . (2.25)
One obtains
δK = ǫ(a)F (a) − ǫ∗(a)F ∗(a) − i
(
ǫ(a) − ǫ∗(a)
)
D(a) , (2.26)
where D(a) is the Killing potential of Eq.(2.3). Also, in Eq.(2.22), πn(a) is the momentum
conjugate to A
(a)
n , KJ∗ denotes ∂K/∂Φ
J∗, ΓM
∗
J∗N∗ denotes the starred Christoffel symbols
[27] of the Ka¨hler geometry, and P = P
(
ΦI
)
gives the potential of the theory.
The gauge generator Q(a) is given classically by
Q(a) = −∂nπn(a) − gfabcπn(b)A(c)n
+ g
(
πIX
I(a) + πI∗X
I∗(a)
)
+
√
2iegKMI∗n
AA′XJ
∗(a)ΓI
∗
J∗N∗
χ˜N
∗
A′
χM
A
−
√
2iegnAA
′
λ˜
(b)
A′
[
fabcλ
(c)
A +
1
2
i
(
ImF (a)
)
λ
(b)
A
]
+
√
2iegnAA
′
KIJ∗χ˜
J∗
A′
[
∂XI(a)
∂AJ
χJ
A +
1
2
i
(
ImF (a)
)
χI
A
]
− i√
2
g
(
ImF (a)
)
ǫijkψ˜iA′e
AA′
jψAk , (2.27)
where fabc are the structure constants of the isometry group.
One can proceed to a quantum description by studying (for example) Grassmann-
algebra-valued wave functions of the form Ψ
(
eα i, ψ
A
i, A
(a)
i , λˆ
(a)
A , n
A′
A
ˆ˜χ
J∗
A′ ,Φ
I ,ΦJ
∗
)
. The
choice of n A
′
A
ˆ˜χ
J∗
A′ rather than χˆ
J
A is designed so that the quantum constraint SA′ should
be of first order in momenta. The momenta are represented by
pˆ iα → −ih¯δ/δeα i , πn(a) → −ih¯δ/δA(a)n , πI → −ih¯δ/δΦI , πI∗ → −ih¯δ/δΦI
∗
, (2.28)
ψ
A′
i →
1√
2
ih¯DAA
′
jiδ/δψ
A
j , λˆ
(a)A′
→ −
√
2nAA
′
δ/δλˆ(a) , χˆ
IA → −
√
2nAA
′
δIJ
∗
δ/δ ˆ˜χ
J∗A′
.(2.29)
Quantum-mechanically, we order each term cubic in fermions in SA′ (using anti-
commutation) such that one “momentum” fermionic variable is on the right, and two
9
“coordinate” fermionic variables are on the left. The ordering of the quantum constraint
SA is defined by taking the hermitian adjoint with respect to the natural inner product
[1,35]. Then the terms in SA cubic in fermions have two “momenta” on the right and one
“coordinate” on the left.
III. Ansa¨tze for the Fields and Dimensional Reduction
In order to learn more about quantum cosmology with local supersymmetry we would
like to study certain types of simple mini-superspace models. Among the simplest non-
trivial mini-superspace models (in which the gravitational and matter variables have been
reduced to a finite number of degrees of freedom) are those based on Friedmann universes
with S3 spatial sections, which are the spatial orbits of G = SO(4) – the group of homo-
geneity and isotropy. Consistent with this assumption we choose the geometry to be that
of a k = +1 Friedmann model. The tetrad of the four-dimensional theory is taken to be:
eaµ =
(
N(τ) 0
N ia(τ)Eaˆi a(τ)Eaˆi
)
, eaµ =
(
N(τ)−1 −N iN(τ)−1
0 a(τ)−1Eaˆi
)
(3.1)
where aˆ and i run from 1 to 3. The shift vector N i is assumed to take the form N i =
−NAA′(τ)e iAA′ , where NAA
′
nAA′ = 0.
Eaˆi is a basis of left-invariant 1-forms on the unit S
3 with volume σ2 = 2π2. The
spatial tetrad eAA
′
i satisfies the relation
∂ie
AA′
j − ∂jeAA
′
i = 2a
2eijke
AA′k (3.2)
as a consequence of the group structure of SO(3), the isotropy (sub)group.
This Ansatz reduces the number of degrees of freedom provided by eAA′µ. If super-
symmetry invariance is to be retained, then we need an Ansatz for ψAµ and ψ˜
A′
µ which
reduces the number of fermionic degrees of freedom, so that there is equality between the
number of bosonic and fermionic degrees of freedom. One is naturally led to take ψA0 and
ψ˜A
′
0 to be functions of time only. In the four-dimensional Hamiltonian theory, ψ
A
0 and
ψ˜A
′
0 are Lagrange multipliers which may be freely specified. For this reason we do not
allow ψA0 and ψ˜
A′
0 to depend on ψ
A
i or ψ˜
A′
i in our Ansatz. We further take
ψAi = e
AA′
iψ˜A′ , ψ˜
A′
i = e
AA′
iψA , (3.3)
where we introduce the new spinors ψA and ψ˜A′ which are functions of time only. [It
is possible to justify the Ansatz (3.3) by requiring that the form (3.1) of the tetrad be
preserved under suitable homogeneous supersymmetry transformations [4,5,7].] Moreover,
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it turns out that the constraints obeyed by classical solutions of the 1-dimensional theory
lead to a 4-dimensional energy-momentum tensor which is isotropic, consistent with the
assumption of a Friedmann geometry.
It is important to remark that the Ansatz for ψAi is preserved under a combination
of a non-zero (spatially homogeneous) supersymmetry transformation and possible local
Lorentz and coordinate transformations [4,5,7] if we impose the additional constraint
ψBψ˜B
′
eBB′i = 0 . (3.4)
Eq. (3.4) implies that ψBψ˜B
′ ∝ nBB′ , and so we can write (2.8) in the two equivalent
forms:
JAB = ψ(Aψ˜
B′nB)B′ = 0 , (3.5)
J˜A′B′ = ψ˜(A′ψ
BnBB′) = 0 . (3.6)
The constraint JAB = 0 has a natural interpretation as the reduced form of the Lorentz
rotation constraint arising in the full theory [1]. By requiring that the constraint JAB = 0
be preserved under the same combination of transformations as used above, one finds
equations which are satisfied provided the supersymmetry constraints SA = 0, S˜A′ = 0
(see below) hold. By further requiring that the supersymmetry constraints be preserved,
one finds additionally that the Hamiltonian constraint H = 0 should hold. When matter
fields are taken into account (see next paragraphs) the generalisation of the JAB constraint
is :
JAB = ψ(Aψ˜B) − χ(Aχ˜B) − λ(a)(A λ˜
(a)
B) = 0 . (3.7)
One can justify this by observing either that it arises from the corresponding constraint of
the full theory, or that its quantum version describes the invariance of the wavefunction
under Lorentz transformations.
Now, let us address the supermatter fields. First, we choose for the gauge group of
our model the group Gˆ = SU(2). In this case we have that [27]
D(1) = 1
2
(
φ+ φ¯
1 + φφ¯
)
, D(2) = − i
2
(
φ− φ¯
1 + φφ¯
)
, D(3) = −1
2
(
1− φφ¯
1 + φφ¯
)
, (3, 8)
and
K = ln(1 + φφ¯) , (3.9)
and thus
g
φφ¯ =
1
(1 + φφ¯)2
, gφφ¯ = (1 + φφ¯)2 . (3.10)
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The Levi-Civita connections of the S2 Ka¨hler manifold are
Γφφφ = g
φφ¯
∂gφφ¯
∂φ
=
−2φ¯
(1 + φφ¯)
(3.11)
and its complex conjugate. The rest of the components are zero. The scalar super-
multiplet, consisting of a complex massive scalar field φ and massive spin-1/2 field χ, χ˜
are chosen to be spatially homogeneous, depending only on time. The odd spin-12 partner(
λ(a), λ˜(a)
)
, a = 1, 2, 3, are chosen to depend only on time as well. As far as the vector field
A
(a)
µ is concerned we adopt here the ansatz formulated in ref. [29,30,31]. More specifically,
since are the physical observables to be SO(4)-invariant, the fields with gauge degrees
of freedom may transform under SO(4) if these transformations can be compensated by
a gauge transformation. This is so since the physical observables are gauge invariant
quantities. Fortunately there is a large class of fields satisfying the above conditions.
These are the so-called SO(4)–symmetric fields, i.e. fields which are invariant up to a
gauge transformation. According to group theory considerations [29,30,31] the it SO(4)–
symmetric spin-1 field is taken to be
Aµ(t) ω
µ =
(
f(t)
4
εacbT (3)ab
)
ωc , (3.12)
where {ωµ} represents the moving coframe {ωµ} = {dt, ωb} , (b = 1, 2, 3) , of one-forms,
invariant under the left action of SU(2) and T (3)ab are the generators of the SU(2) gauge
group. The idea behind this Ansatz for a non-Abelian spin-1 field is to define a homorphism
of the isotropy group SO(3) to the gauge group. This homomorphism defines the gauge
transformation which, for the symmetric fields, compensates the action of a given SO(3)
rotation. Hence, the above form for the gauge field where the A0 component is taken to
be identically zero.
If one assumes that the dynamics of the most general N = 1 supergravity theory
coupled to supermatter is as given in Eq.(25.12) of [27] than, by imposing the above men-
tioned symmetry conditions, we obtain a one-dimensional (mechanical) model depending
only on t. The resulting one-dimensional model will have some symmetries remaining
from the symmetries of the four-dimensional theory. In particular the invariance under
general coordinate transformations in four dimensions leads to an invariance under arbi-
trary time–reparametrizations. However, due to our choice of SO(4)–symmetry conditions
on the spin-1 field, none of the local internal (i.e. gauge) symmetries will survive: all the
available gauge transformations are required to cancel out the action of a given SO(3)
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rotation. Thus, we will not have in our FRW case a gauge constraint Q(a) = 0 [29–31].
However, in the case of larger gauge group some of the gauge symmetries will survive, giv-
ing rise, in the one-dimensional model, to local internal symmetries with a reduced gauge
group. Therefore, a gauge constraint can be expected to play an important role in such a
case [13,29–31] and a study of such a model would be interesting.
In the next section we will study associated FRW cosmological model. From the one-
dimensional effective action we will derive the supersymmetry constraints of our theory.
IV. Supersymmetry Constraints in the One-Dimensional Theory
Using the Ansa¨tze described in the previous section, the action of the full theory (Eq.
(25.12) in ref. [27]) is reduced to one with a finite number of degrees of freedom. Starting
from the action so obtained, we study the Hamiltonian formulation of this model. As
discussed above, the Hamiltonian of any supersymmetric model has the form (2.4). The
procedure to find the expressions of SA and S¯A′ is very simple. First, we have to calculate
the conjugate momenta of the dynamical variables and then evaluate the usual expression:
H(pi, q
i) = piq˙
i − L . (4.1)
Afterwards, we read out the coefficients of ψ A0 and ψ¯
A′
0 from this expression in order to
get the SA and S¯A′ constraints, respectively.
The contributions from the spin-0 field φ to the S¯A′ constraint are seen to be
1√
2
χ¯
A′
[
πφ¯ +
iσ2a3
2
√
2
φ
(1 + φφ¯)
nBB′ λ¯
(a)B′λ(a)B − 5i
2
√
2
σ2a3φ
(1 + φφ¯)3
nBB′ χ¯
B′χB
− 3i
2
√
2
σ2a3φ
(1 + φφ¯)
nBB′ψ
Bψ¯B
′ − 3√
2
σ2a3
(1 + φφ¯)2
nBB′χ
Bψ¯B
′
]
+
σ2a2gf√
2(1 + φφ¯)2
σaAA′n
AB′ χ¯
B′X
a .
(4.2)
The contributions to the S¯A′ constraint from the spin-1 field are
−i
√
2
3
πfσ
a
BA′λ
(a)B +
σ2a3
6
σaBA′λ
(a)BnCB′(σ
bCC′ψ¯C′ λ¯
(b)B′ + σbAB
′
ψAλ
(b)C)
+
1
8
√
2
σ2a4σ
(a)C
A′ [1− (f − 1)2]λ(a)C
+
1
2
σ2a3λ(a)A(−nAB′ ψ¯A′ λ¯(a)B
′
+nBA′ψAλ
(a)B−1
2
nAA′ψBλ
(a)B+
1
2
nAA′ψ¯B′ λ¯
(a)B′) . (4.3)
The contributions from the spin-2 field and spin-3/2 field to S¯A′ constraint are
i
2
√
2
aπaψ¯A′ − 3√
2
σ2a2ψ¯A′ +
3
8
σ2a3nBA′ψ¯
B′ψBψ¯B′ . (4.4)
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The following terms are also present in the S¯A′ supersymmetry constraint:
− 1√
2
σ2a3gDanAA′λ
(a)A
+
σ2a3
(1 + φφ¯)2
(−nBA′ ψ¯B′ + 1
2
nBB′ ψ¯A′)χ
Bχ¯B
′
−1
4
σ2a3(nAB′λ
(a)Aλ¯
(a)
A′ ψ¯
B′ + nAA′λ
(a)Aλ¯
(a)
B′ ψ¯
B′)
− 1
4(1 + φφ¯)2
σ2a3(nAB′χ
Aχ¯
A′ψ
B′ + nAA′χ
Aχ¯
B′ψ
B′) . (4.5)
The supersymmetry constraint S¯A′ is then the sum of the above expressions. The super-
symmetry constraint SA is just the complex conjugate of S¯A′ .
IV. Solutions of the Supersymmetry Constraints.
In this section we will solve explicitely the corresponding quantum supersymmetry
constraints. As an intermediate stage in our research project, we put both the spin-1
field and its fermionic partner equal to zero. The physical states of our simplified model
correspond effectively to those of a mini-superspace quantum cosmological model possess-
ing N=4 local supersymmetry coupled to complex scalars with spin-1/2 partners. The
different supermatter models are given by specifying a Ka¨hler metric for the scalars; the
allowed quantum states then depend on the Ka¨hler geometries. For the cases of spherically
symmetric and flat Ka¨hler geometries we have found the general solution for the quantum
state with a very simple form. However, these states are somewhat different from the
ones presented in ref. [4–7]; although they allow a Hartle-Hawking state, we cannot find a
wormhole state.
First we need to redefine the χA field and ψA field in order to simplify the Dirac
brackets [13,23], following some of the steps described in section II:
χˆ
A =
σa
3
2
2
1
4 (1 + φφ¯)
χ
A , χ¯A′ =
σa
3
2
2
1
4 (1 + φφ¯)
χ¯
A′ . (5.1)
The conjugate momenta become
πχˆ
A
= −inAA′ χˆA
′
, πχˆ
A′
= −inAA′ χˆA . (5.2)
This pair form a set of second class constraints. Consequently, the Dirac bracket becomes
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[χˆA, χˆA′ ]
∗
+ = −inAA′ . (5.3)
Similarly for the ψA field,
ψˆA =
√
3
2
1
4
σa
3
2ψA , ψˆA′ =
√
3
2
1
4
σa
3
2 ψ¯A′ , (5.4)
where the conjugate momenta are
πψˆA = inAA′
χˆA
′
, πψˆA′
= inAA′ χˆ
A
. (5.5)
The Dirac bracket is then
[ψˆA, ψˆA′ ]
∗
+ = inAA′ . (5.6)
Furthermore,
[a, πa]
∗ = 1 , [φ, πφ]∗ = 1 , [φ¯, πφ¯]
∗ = 1 , (5.7)
and the rest of the brackets are zero.
After substituting the redefined fields in the constraints, we drop the hat over the new
variables. The supersymmetry constraints become
S¯A′ =
1√
2
(1 + φφ¯)χ¯A′πφ¯ +
i
2
√
6
aπaψ¯A′
−
√
3
2
σ2a2ψ¯A′ − 5i
2
√
2
φnBB′ χ¯
B′χBχ¯
A′
− 1
4
√
6
nBA′ ψ¯
B′ψB − i
2
√
2
φnBB′ψ
Bψ¯B
′
χ
A′
− 5
2
√
6
nBB′χ
Bψ¯B
′
χ¯
A′ −
√
3
2
√
2
nAA′ψ¯B′χAχ¯
B′
+
1√
6
nBB′χ
Bχ¯B
′
ψ¯A′ (5.8)
together with its complex conjugate.
It is simpler to describe the theory using only (say) unprimed spinors, and, to this
end, we define
ψ¯A = 2n
B′
A ψ¯B′ , χ¯A = 2n
B′
A
χ¯
B′ , (5.9)
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with which the new Dirac brackets are
[χA, χ¯B]
∗
+ = −iǫAB , [ψA, ψ¯B]∗+ = −iǫAB . (5.10)
The rest of the brackets remain unchanged. Using these new variables, the supersymmetry
constraints are
SA =
1√
2
(1 + φφ¯)χAπφ − i
2
√
6
aπaψA
−
√
3
2
σ2a2ψA − 5i
4
√
2
φ¯χAχ¯Bχ
B
+
1
8
√
6
ψBψ¯Aψ
B − i
4
√
2
φ¯χAψ
Bψ¯B
+
5
4
√
6
χ
Aψ
Bχ¯
B +
√
3
4
√
2
χBχ¯
AψB
− 1
2
√
6
ψAχ
Bχ¯
B (5.11)
and
S¯A =
1√
2
(1 + φφ¯)χ¯Aπφ¯ +
i
2
√
6
aπaψ¯A
−
√
3
2
σ2a2ψ¯A +
5i
4
√
2
φχ¯Bχ
Bχ¯
A
− 1
8
√
6
ψ¯BψAψ¯B − i
4
√
2
φψBψ¯
Bχ¯
A
+
5
4
√
6
χBψ¯Bχ¯A −
√
3
4
√
2
ψ¯BχAχ¯
B
− 1
2
√
6
χBχ¯
Bψ¯A (5.12)
Quantum mechanically, one replaces the Dirac brackets by the anti-commutators if both
arguments are odd or commutators if otherwise:
[E1, E2] = i[E1, E2]
∗ , [O,E] = i[O,E]∗ , {O1, O2} = i[O1, O2]∗+ . (5.13)
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Here, we use the convention h¯ = 1. And the only non-zero (anti-)commutators relations
are:
{χA, χ¯A} = ǫAB , {ψA, ψ¯A} = −ǫAB , [a, πa] = i , [φ, πφ] = i , [φ¯, πφ¯] = i . (5.14)
Here we choose (χA, ψA, a, φ, φ¯) to be the coordinates of the configuration space, and
χ¯
A, ψ¯A, πa, πφ, πφ¯ to be the momentum operators in this representation. Hence
χ¯
A → ∂
∂χA
, ψ¯A → ∂
∂ψA
, πa → ∂
∂a
, πφ → −i ∂
∂φ
, πφ¯ → −i
∂
∂φ
(5.15)
Following the ordering used in ref.[5], we put all the fermionic derivatives in SA on the right.
In S¯A, all the fermonic derivatives are on the left. And the supersymmetry generators have
the operator form
SA = − i√
2
(1 + φφ¯)χA
∂
∂φ
− 1
2
√
6
aψA
∂
∂a
−
√
3
2
σ2a2ψA − 5i
4
√
2
φ¯χAχ
B ∂
∂χB
− 1
8
√
6
ψBψ
B ∂
∂ψA
− i
4
√
2
φ¯χAψ
B ∂
∂ψB
− 5
4
√
6
χ
Aψ
B ∂
∂χB
+
√
3
4
√
2
χBψB
∂
∂χA
+
1
2
√
6
ψAχ
B ∂
∂χB
(5.16a)
and
S¯A =
i√
2
(1 + φφ¯)
∂
∂χA
∂
∂φ¯
+
1
2
√
6
a
∂
∂a
∂
∂ψA
−
√
3
2
σ2a2
∂
∂ψA
+
5i
4
√
2
φ
∂
∂χA
∂
χB
χB
− 1
8
√
6
ǫBC
∂
∂ψB
∂
∂χC
ψA − i
4
√
2
φ
∂
∂ψB
∂
∂χA
ψB
− 5
4
√
6
∂
∂ψB
∂
∂χA
χB −
√
3
4
√
2
ǫBC
∂
∂ψB
∂
∂χC
χ
A
17
− 1
2
√
6
∂
∂ψA
∂
∂χB
χB (5.16b)
We now proceed to find the wavefunction of our model. The Lorentz constraint JAB
is easy to solve. It tells us the wave function should be a Lorentz scalar. In our model,
JAB = ψ(Aψ¯B)−χ(Aχ¯B). We can easily see that the most general form of the wave function
which satisfies the Lorentz constraint is
Ψ = A+ iBψCψC + Cψ
Cχ
C + iDχ
Cχ
C + Eψ
CψCχ
Cχ
C , (5.17)
where A, B, C, D, and E are functions of a, φ and φ¯ only. The factors of i are chosen
to simplify the future results. The next step is to solve the supersymmetry constraints
SAΨ = 0 and S¯A′Ψ = 0. Since the wave function (5.17) is of even order in fermonic
variables and stops at order four, the SAΨ = 0 and S¯AΨ = 0 will be of odd order in
fermonic variables and stop at order three. Hence we will get four equations from SAΨ = 0
and another four equations from S¯A′Ψ = 0.
− i√
2
(1 + φφ¯)
∂A
∂φ
= 0 , (5.18a)
− a
2
√
6
∂A
∂a
−
√
3
2
σ2a2A = 0 , (5.18b)
(1 + φφ¯)
∂B
∂φ
+
1
2
φ¯B +
a
4
√
3
∂C
∂a
− 7
4
√
3
C +
√
3
2
σ2a2C = 0 , (5.18c)
a√
3
∂D
∂a
+ 2
√
3σ2a2D −
√
3D − (1 + φφ¯)C
φ
− 3
2
φ¯C = 0 , (5.18d)
i
√
2(1 + φφ¯)
∂E
∂φ¯
= 0 , (5.19a)
a√
6
∂E
∂a
−
√
6σ2a2E = 0 , (5.19b)
a√
3
∂B
∂a
− 2
√
3σ2a2B −
√
3B + (1 + φφ¯)
∂C
∂φ¯
+
3
2
φC = 0 , (5.19c)
(1 + φφ¯)
∂D
∂φ¯
+
1
2
φD − a
4
√
3
∂C
∂a
+
7
4
√
3
C +
√
3
2
σ2a2C = 0 . (5.19d)
We can see that (5.18a), (5.18b) and (5.19a), (5.19b) constitute decoupled equations for A
and E, respectively. They have the general solution.
A = f(φ¯) exp(−3σ2a2) , E = g(φ) exp(3σ2a2) (5.20)
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where f, g are arbitrary anti-holomorphic and holomorphic functions of φ, respectively. Eq.
(5.18c) and (5.18d) are coupled equations between B and C and eq. (5.19c) and (5.19d)
are coupled equations between C and D. The first step to decouple these equations is as
follows. Let B = B˜(1+φφ¯)−
1
2 , C = C˜√
3
(1+φφ¯)−
3
2 , D = D˜(1+φφ¯)−
1
2 . Equations (5.18c),
(5.18d), (5.19c) and (5.19d) then become
(1 + φφ¯)2
∂B˜
∂φ
+
a
12
∂C˜
∂a
− 7
12
C˜ +
1
2
σ2a2C˜ = 0 , (5.21a)
(1 + φφ¯)2
∂D˜
∂φ¯
− a
12
∂C˜
∂a
+
7
12
C˜ +
1
2
σ2a2C˜ = 0 , (5.21b)
∂C˜
∂φ
− a∂D˜
∂a
− 6σ2a2D˜ + 3D˜ = 0 , (5.21c)
∂C˜
∂φ¯
+ a
∂B˜
∂a
− 6σ2a2B˜ − 3B˜ = 0 . (5.21d)
From (5.21a) and (5.21d), we can eliminate B˜ to get a partial differential equation for C˜:
(1 + φφ¯)2
∂C˜
∂φ¯∂φ
− a
12
∂
∂a
(
a
∂C˜
∂a
)
+
5
6
a
∂C˜
∂a
+
[
3σ4a4 + 3σ2a2 − 7
4
]
C˜ = 0 , (5.22)
and from (5.21b) and (5.21c), we will get another partial differential equation for C˜:
(1 + φφ¯)2
∂C˜
∂φ¯∂φ
− a
12
∂
∂a
(
a
∂C˜
∂a
)
+
5
6
a
∂C˜
∂a
+
[
3σ4a4 − 3σ2a2 − 7
4
]
C˜ = 0 . (5.23)
We can see immediately that C˜ = 0 because the coefficients of σ2a2C˜ are different for
these two equations. Using this result, we find
B = h(φ¯)(1+φφ¯)−
1
2 a3 exp(3σ2a2) , C = 0 , D = k(φ)(1+φφ¯)−
1
2 a3 exp(−3σ2a2) . (5.24)
This results can be strengthened as we will show that C˜ = 0 is not a result of the par-
ticular ordering used in the above calculations. In fact, we can try the ordering presented
in ref. [6] such that SA and S¯A′ are hermitian adjoints in the standard inner product,
appropiate to the holomorphic representation being used here for the fermions. If one
allows for the factor ordering ambiguity in SA due to the terms cubic in fermions, and
insists that S¯A′ be the hermitian adjoint of SA, the operators have the form
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SAnew = SA + λψA + iµφ¯χA ,
S¯Anew = S¯A + i
(
7
4
√
2
− µ
)
φ¯χA +
(
5
4
√
6
− λ
)
ψ¯A , (5.25)
where SA , S¯A are the ordering used above. Proceeding to solve these constraints, we will
find another eight equations. We are only interested in the four equations between B, C
and D :
(1 + φφ¯)
∂B
∂φ
+
(
1
2
−
√
2µ
)
φ¯B +
a
4
√
3
∂C
∂a
− 7
4
√
3
C − λ√
2
C +
√
3
2
σ2a2C = 0 , (5.26a)
a√
3
∂D
∂a
+ 2
√
3σ2a2D − (
√
3 + 2
√
2λ)D − (1 + φφ¯)∂C
∂φ
− 3
2
φ¯C +
√
2µφ¯C = 0 , (5.26b)
a√
3
∂B
∂a
− 2
√
3σ2a2B −
√
3B +
√
2
(
5
2
√
6
− 2λ
)
B
+(1 + φφ¯)
∂C
∂φ¯
+
3
2
φC −
√
2
(
7
4
√
2
− µ
)
φC = 0 , (5.26c)
(1 + φφ¯)
∂D
∂φ¯
+
1
2
φD − 1√
2
(
7
2
√
2
− 2µ
)
φD − a
4
√
3
ptC
∂a
+
7
4
√
3
C − 1√
2
(
5
4
√
6
− λ
)
C +
√
3
2
σ2a2C = 0 . (5.26d)
We must set µ = 7
8
√
2
in order to get rid of φ¯C in (5.26b) and (5.26c) consistently, and the
only freedom left to get consistent equations for C˜ is from λ. By setting B = B˜(1+ φφ¯)
3
8 ,
C = C˜√
3
(1 + φφ¯)−
5
8 , D = D˜(1 + φφ¯)
3
8 . we can again get two decoupled equations for C˜
from the above 4 equations. Again the coeffecient of σ2a2C˜ for one equation is −7
4
and
the coefficient of σ2a2C˜ for the other equation is 17
4
. Hence, we are led again to C˜ = 0,
showing that the two most interesting orderings give C˜ = 0.
VI. Discussion and Conclusion.
We would like to compare our results to the ones in ref. [5]. There, R2 was used as
Ka¨hler manifold and a different result for C˜ was obtained. We would like to investigate
here whether we can get a similar result for C˜ in our model in the case of the R2 Ka¨hler
manifold. The Ka¨hler potential would be just φφ¯, the Ka¨hler metric is gφφ¯ = 1 and
20
the Levi-Cita connections are zero. Repeating the steps described in sections II–V, we
find out that the structure of the supersymmetry constraints are the same for these two
Ka¨hler manifolds. The reason is that the Ka¨hler metric and the connection only enter the
Lagrangian through the spin-12 field
χ
A and no other terms. So, there is only a change
in the coefficient of φ¯χAχ
B ∂
∂χB
in SA and the corresponding term in S¯A, the rest being
equivalent to put φφ¯ = 0 in the necessary coefficients. The supersymmetry constraints are
then
SA = −2
√
3iχA
∂
∂φ
− aψA ∂
∂a
− 6σ2a2ψA − i
√
3
2
φ¯χAχ
B ∂
∂χB
−1
4
ψBψ
B ∂
∂ψA
− i
√
3
2
φ¯χAψ
B ∂
∂ψB
− 5
2
χ
Aψ
B ∂
∂χB
+
3
2
χBψB
∂
∂χA
+ ψAχ
B ∂
∂χB
(6.1)
and
S¯A = 2
√
3i
∂
∂χA
∂
∂φ¯
+ a
∂
∂a
∂
∂ψA
− 6σ2a2 ∂
∂ψA
+
i
√
3
2
φ
∂
∂χA
∂
∂χB
χB − 1
4
ǫBC
∂
∂ψB
∂
∂χC
ψA
− i
√
3
2
φ
∂
∂ψB
∂
∂χA
ψB − 5
2
∂
∂ψB
∂
∂χA
χB − 3
2
ǫBC
∂
∂ψB
∂
∂χC
χ
A − ∂
∂ψA
∂
∂χB
χB . (6.2)
Solving for the SAΨ = 0 and S¯AΨ = 0,we obtain eight equations where the four equations
between B , C and D are:
∂B
∂φ
+
1
2
φ¯B +
a
4
√
3
∂C
∂a
− 7
4
√
3
C +
√
3
2
σ2a2C = 0 , (6.3a)
a√
3
∂D
∂a
+ 2
√
3σ2a2D −
√
3D − ∂C
∂φ
− 1
2
φ¯C = 0 , (6.3b)
a√
3
∂B
∂a
− 2
√
3σ2a2B −
√
3B +
∂C
∂φ¯
+
1
2
φC = 0 , (6.3c)
∂D
∂φ¯
+
1
2
φD − a
4
√
3
∂C
∂a
+
7
4
√
3
C +
√
3
2
σ2a2C = 0 . (6.3d)
Making the substitution B = B˜ exp(−1
2
φφ¯) , C = C˜√
3
exp(−1
2
φφ¯) and D = D˜ exp(−1
2
φφ¯)
[5], the above four equations become
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∂B˜
∂φ
+
a
12
∂C˜
∂a
− 7
12
C˜ +
1
2
σ2a2C˜ = 0 , (6.4a)
∂D˜
∂φ¯
− a
12
∂C˜
∂a
+
7
12
C˜ +
1
2
σ2a2C˜ = 0 , (6.4b)
∂C˜
∂φ
− a∂D˜
∂a
− 6σ2a2D˜ + 3D˜ = 0 (6.4c)
∂C˜
∂φ¯
+ a
∂B˜
∂a
− 6σ2a2B˜ − 3B˜ = 0 . (6.4d)
This set of equations are exactly the same as (5.21a – d) if we put φφ¯ = 0 in there. So,
C˜ = 0 does not depend on the value of φφ¯. We conclude, therefore, that for R2 as the
Ka¨hler manifold, C˜ = 0. These results seem to suggest that whatever Ka¨hler manifold one
uses, we reach the same conclusion. The reason for the apparent differences with respect
to ref.[5] may lie in the fact that the model used in ref. [5] was derived from ref. [28], while
ours comes directly from ref. [27].
Summarizing our work, in section II the more general theory of N = 1 supergravity
with supermatter was studied using a canonical approach. The supersymmetry and gauge
constraint generators were also found. In section III we described the Ansa¨tze for the the
gravitational field, spin-32 field and the gauge vector field V
a
µ as well as the scalar fields
and the corresponding fermionic partners. In section IV, after a dimensional reduction,
we derived the supersymmetric constraints for our one-dimensional model, where one has
assumed a FRW closed geometry. In section 5, we solved the supersymmetry constraints
for the case of a S2 Ka¨hler manifold, taking the spin-1 field to be zero as well as its
fermionic partner. We found that one of the middle states is missing as C = 0, and
the other middle states have the simple form B = g(φ¯)(1 + φφ¯)−
1
2 a3 exp(3σ2a2) and
D = f(φ)(1 + φφ¯)−
1
2 a3 exp(−3σ2a2). However, these are not wormhole states. From [6],
the wormhole wavefunction has the form prefactor×exp(−(3σ2a2 + 3σ2a2 cosh(ρ))), where
φ = ρ exp(iθ), and such behaviour is not provided by B and D. In order to investigate this
issue we repeated our study but for a R2 Ka¨hler manifold. Once again, we have C = 0.
Thus, it seems that the results obtained from the framework presented in ref. [27] are
quite general.
The bosonic and filled fermion states have the simple form A = f(φ¯) exp(−3σ2a2)
and E = g(φ) exp(3σ2a2), respectively. This corresponds to the Hartle-Hawking state. It
is very puzzling that the wormhole state is missing. A similar problem occured in ref. [3].
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There, the only bosonic physical state is the wormhole solution but the Hartle-Hawking
state was missing. However, if we use a different definition of homogeneity [23], we will
get the Hartle-Hawking state as the bosonic state but then the wormhole state is missing.
We suspect that similar behaviour is occurring here.
In the future we will extend the framework presented in this paper in two directions of
study: the inclusion of all supermatter fields in the process of solving the supersymmetry
constraints [37], and generalizing the work the case of a Bianchi-IX universe. It will be
interesting to see if the same type of results occur there.
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